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Abstract

The work is devoted to a problem of the rhythm function estimation of a cyclic random
process, which is based on the least squares approximation methods instead of well-
known interpolation approach. Analytical dependencies between errors of estimation
of a discrete rhythm function and errors of segmentation of a cyclic random process
into cycles and zones were constructed. This made it possible to develop a procedure
for calculating and controlling errors of estimating rhythm function of a cyclic random
process as certain functions of errors of the segmentation method. The general prob-
lem of least squares approximation of the rhythm function of a cyclic random process
is formulated as a problem of optimal selection of a parametric function derived

from a predetermined class of functions that satisfy the necessary and sufficient
conditions of the rhythm function of a cyclic random process. New parametric classes
of rhythm characteristics of cyclic random processes such as parametric monomials
of degree k, parametric logarithmic functions and parametric exponential functions
have been built. The advantage of considered method over well-known interpola-
tion approach refers to the improvement of accuracy of rhythm function estimation
and reduction of the rhythm function estimation parameters' number. For example,

in presented computer simulation experiment for the parametric class of monomials
of degree 2, average value of the mean square errors for 500 simulations in the case

of the interpolation is over 40 times higher than the corresponding value for approxi-
mation. Moreover, for that parametric class, the number of estimated parameters

is almost equal to doubled number of considered cycles in the case of piecewise linear
interpolation and is reduced to 1 for least square approximation. The results obtained
in the work constitute the basis for improvement of rhythm-adaptive methods

and spectral analysis of cyclic random processes, including the area of statistical meth-
ods for detecting hidden cyclic structures of the investigated cyclic stochastic signals
with an irregular rhythm.

Keywords: Rhythm function estimation, Approximation method, Cyclic random
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1 Introduction

The development of digital processing methods for cyclic stochastic signals is a signifi-
cant task for many fields of science and technology. In particular, cyclic stochastic signals
exist in medicine (electrocardiosignals, magnetocardiosignals, sphygmocardiosignals,
photoplethysmocardiosignals, phonocardiosignals, rheocardiosignals), telecommunica-
tions (amplitude, angle and phase modulation signals), power engineering (cyclic pro-
cesses of electricity, gas, and oil consumption), mechanics (vibration signals on rotating
mechanisms), economics (cyclic economic processes), systems for diagnosing the state
of materials (cyclic processes of relief formation on the surface of metals), astrophysics
(signals of pulsars and quasars). Methods of digital processing of cyclic stochastic signals
include statistical estimation of probabilistic characteristics, spectral analysis, classifica-
tion. And forecasting of cyclic stochastic signals. In particular, methods of digital signal
processing are. The basis of modern technologies for hidden periodicity detection (more
generally, for detection of hidden cyclic structure) in research of signals.

Currently, many methods of digital processing of cyclic stochastic signals are explored
with regard to the problem of accuracy, computational complexity and level of inter-
pretability. In particular, there are various model-based statistical methods and data-
based processing methods involving modern machine learning technologies. Data-based
methods of digital processing of cyclic stochastic signals work with inductive methods of
both classical and deep machine learning with different types of neural networks [1-4].
Model-based methods of digital processing of cyclic stochastic signals use such math-
ematical models as a periodic Markov process (or chain) [5], random processes with
independent periodic increments, linear periodic random process [6, 7], periodically
correlated (cyclostationary correlated) random processes (time series) [8], periodically
distributed (cyclostationary) random processes (time series) [9, 10], almost periodi-
cally correlated (almost cyclostationary correlated) random process and almost periodic
(almost cyclostationary) random process [11]. In [12], mathematical models of cyclic
stochastic signals were built, which generalize cyclostationary and almost cyclosta-
tionary random processes and time series in a certain way. Mathematical models and
methods of processing cyclic stochastic signals with an irregular (variable) rhythm were
investigated in [13—18].

One of the approaches to the modeling and processing of cyclic stochastic signals is
based on the theory of cyclic random processes and vectors. This approach has been
successfully applied to solve problems of digital processing of cyclic stochastic signals in
medical diagnostics, in brain-computer non-invasive interfaces [19], in systems for diag-
nosing the state of materials [20] and in energy forecasting [21]. The main advantage of
this model-based approach, unlike the existing ones, is the presence of formal and tech-
nological means of adaptation to changes occurring in the rhythm of the analyzed cyclic
signals [22], as well as an integrative (holistic) approach to mathematical and computer
modeling of cyclic stochastic signals with both regular (constant) and irregular (variable)
rhythm [23].

The primary stage of all processing techniques (discretization, statistical estimation
of probabilistic characteristics, spectral analysis) of cyclic stochastic signals, within
the framework of the theory of cyclic random processes and vectors, consists of the
rhythm function estimation (just like the need to estimate the period for statistical
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processing of cyclostationary random processes) [19-21]. The segmentation proce-
dure of cyclic signals, i.e. separation into cycles and zones (smaller segments in each
cycle), is the first step to estimate the rhythm function. A large number of methods
for effective segmentation of cyclic stochastic signals have been developed, for exam-
ple, methods of detection and selection of cycles and zones of electrocardiosignals
[24-29]. In publications [19-21], the problem of the rhythm function estimation of a
cyclic random process was solved on the basis of discrete rhythm function interpola-
tion methods. In particular, the methods of piecewise linear, piecewise quadratic and
adaptive interpolations were used [30].

However, interpolation of the discrete rhythm function has two important draw-
backs: 1) high dimensionality of the parameter vector of the interpolation function;
2) it ignores the segmentation errors which influence the estimation of the discrete
rhythm function. The high dimensionality of the vector of rhythm function param-
eters imposes high requirements for computing resources in classification tasks based
on the information about changes in the rhythm of cyclic signals.

For the simplest case of the piecewise linear interpolation of the rhythm function,
the number of estimation parameters is equal to the doubled product of the number
of cycles and the number of zones in each considered cycle in the segmentation pro-
cess. The interpolation methods do not take into account the real errors of estimation
of the discrete rhythm function, although such errors always occur, since the discrete
rhythm function is determined through the zone-cyclic structure of the studied cyclic
random process by segmenting it. Assuming the existence of such errors, there is no
need to require an exact passage of the rhythm function estimate through discrete
values, because they contain errors. It is enough to require a close pass (within toler-
ance) to these nodal points.

Considering the above, one of the possible approaches to reduce the dimensional-
ity of the parameter vector, which represents the estimation of the rhythm function
and ensures the necessary accuracy of the estimation within the limits of permissi-
ble errors, is the development of approximation methods for estimating the rhythm
function. An approximate approach to the rhythm function estimation of a cyclic ran-
dom process requires structural and parametric identification of the mathematical
model of the rhythm function. The procedure for such identification should be based
on information about the moments of beginning of signal cycles and zones obtained
by the chosen method of cyclic signal segmentation. It should take into account the
errors of the segmentation method as well as information (if it exists) about the class
of possible mathematical models of rhythm functions in the domain that researched
cyclic stochastic signals and phenomena come from. The availability of a priori infor-
mation about the class of mathematical models of rhythm functions significantly sim-
plifies the task of structural and parametric identification, reducing it to the task of
parametric identification. From a practical point of view, such information can be
obtained both on the basis of visual analysis of graphs of estimates of discrete rhythm
functions, and on the basis of knowledge and recommendations of a domain expert
(cardiologist, neurobiologist, economist, material scientist).
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In the area of cyclic random processes, the development of structural and paramet-
ric identification of the mathematical model of rhythm function requires components
such as:

+ Parametric classes of possible models of the rhythm function within which it is
necessary to find the optimal (quasi-optimal) estimate of the rhythm function of
the analyzed cyclic signal;

+ A method for optimal (quasi-optimal) selection of model parameters with the
appropriate rhythm function class, based on a given metric (RMS, absolute, etc.);

+ A procedure for calculating and controlling the errors of rhythm function estima-
tion of a cyclic random process as certain functions of errors of the segmentation
method of this process.

The task of parametric classes construction for approximation functions that sat-
isfy the requirements of the rhythm function is non-trivial because the conditions
of the rhythm function impose a number of limitations on design of such parametric
classes. In [23], a parabolic class of rhythm functions was constructed. However, this
is not sufficient for many cases that may occur. Therefore, one of the important goals
of the article is to build several new parametric classes of rhythm functions. The sec-
ond problem considered in the article is the selection of optimal model parameters
for the appropriate class of rhythm functions based on an RMS metric. This method is
based on the classical least squares approximation method and should guarantee the
construction of an estimate of the rhythm function, which satisfies the sufficient and
necessary conditions and is consistent with the errors of segmentation method. The
third problem addressed in the article is building analytical dependencies between
the estimation errors of the discrete rhythm function and the errors of the cyclic ran-
dom process segmentation method. As the result the procedure for calculating and
controlling the errors of estimating rhythm function as certain function of errors
of the segmentation method of considered random process is developed. Solving all
these three problems develops the new effective approximation method for estimat-
ing rhythm function of a cyclic random process, which has significant advantages
over currently used interpolation methods.

The article is organized as follows. Chapter 2 is devoted to basic information about
cyclic random processes, their zone-cyclic time structure and analytical dependen-
cies connecting the values of the discrete rhythm function through the moments of
the beginnings of the cycles and zones of the cyclic random process. In Chapter 3, the
analytical relationships between the estimation errors of a discrete rhythm function
and the segmentation errors of a cyclic random process are investigated. Chapter 4
contains the formulation of the general problem of the rhythm function’s approxima-
tion of a cyclic random process, based on the information about its zone-cyclic time
structure. Chapter 5 is devoted to the formation of the system of interrelated par-
ametric classes of rhythm characteristics of cyclic random processes. In Chapter 6,
based on computer simulation experiments, the errors of least squares approximation
method and piecewise linear interpolation of the discrete rhythm functions are deter-
mined and compared, as well as the number of parameters of the approximant and
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interpolant. Chapter 7 contains the main conclusions of the article and prospects for
further research.

2 Preliminaries
2.1 The cyclic random processes as mathematical models of cyclic signals
Based on [23], we describe the fundamental properties of a cyclic random process, such
as the definition of the rhythm function and a cyclic random process of continuous
parameter. In general, the mathematical model of the cyclic signal is some random pro-
cessE(w, t),w € R,t €R

(6 : R — Ly(R,P)), given on the probability space (R, F, P) and on the set R of real
numbers.

The argument ¢ can have a physical interpretation of the spatial or time coordinate,
and the set of values is a space of random variables given in the same probability space
(Q,F, P).

Definition 1 The separable random process &(w,t),w € £,¢ € R is called the cyclic
random process (cyclically distributed random process) of a continuous parameter,
if for it exists such a function T'(¢,#),t € R,n € Z, which satisfies the conditions (1)—
(3) of the rhythm function and for any #1, ..., fx from the set of separability of the pro-

cess £(w,t),w € R,t € R, k-dimensional random vectors (§(w,t1),...,E(w,t)) and
E(w, 1+ T(t1,n),..., &, tx + T (tx, n))) are stochastically equivalent for all # € Z and
forall k € N.

Note that k-dimensional random vectors are stochastically equivalent, if they are the
same.

k-dimensional distribution functions.

The rhythm function 7'(¢, n) has the following properties which hold for every t € R
andn € Z [23]:

(1)
T(t,n) > 0(T(t,1) < 00),forn > 0,

T(t,n) =0,forn =0, (1)
T(t,n) <0,forn <0,

(2) Foranyty, ta € R, wheret; < £y, a strict inequality holds:
Tt,n) +6a <T(,n+ih, (2)

(3) Function T'(¢, n) is the smallest in modulus (IT(t, n)| < }Ty (t,n) |) among all such
functions { T,(t,n),y €N } which satisfy (1) and (2), namely:

Hﬂmﬂ:ﬂ%ﬂﬂﬂm%yeN} 3)

The rhythm function T (¢, n) determines the law of changing the time intervals between
the single-phase values of the cyclic random signals.
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For k-dimensional distribution function Fy, (x1,...,%, f1,.. ., ) from the family of
consistent distribution functions of a cyclic random process &(w, t), w € ,¢ € R the fol-
lowing equalities are true:

Fkg K15 X b1, b)) = FkE *1, .. xt1+ T(t,n), ... 4 + T (g, n)) (4)

where the definition domain of the i-th zone
Xlyeo Xty ..t ER,meZ,keN

IfT(t,n) =n-T, T =const, T >0, then the cyclic (cyclically correlated) random
process with a regular (stable, unchanging) rhythm is obtained, which in the literature
is known as a cyclostationary (cyclostationary correlated) random process or periodic
(periodic correlated) random process. If T(¢,n) # n- T, then the cyclic (cyclically
correlated) random process with an irregular (variable, unstable) rhythm is consid-
ered [23].

2.2 Zone-cyclic Time Structure of a Cyclic Random Process
Let us introduce notations form € Z,d,, € R(0 < dy,4+1 — dy, < 00) [23]:
the definition domain of the m-th cycle of cyclic random process & (w, t):

Wcm = [dm;derl);

where |J,,cz We,, =R,
the set of the beginnings of cycles of a cyclic random process:

D, = {dm,m EZ}

Let us notice the following relations:

W,,, #0, W, NW,

Cmy Cmy = @y mi 3& my, m, mj, my € Z (5)

Based on the work [23], the cyclic random process can be represented in the form of
the following construction:

E@t) =) &mot), we® teR, ©

meZ
where &,,(w, t)- random process, which is defined as follows

Em(w, ) =&(w,t) - Iw,, (1), meZ, we 2, L €R, (7)

and function Iy, (¢)is an indicator function of the m-th cycle of the cyclic random pro-
cess & (w, t), which is equal to:

L, tew,,
Iw,, (t) = {o, tEW, (8)
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The truncation of the random process &,,(w, t) to the area W, is the m-th cycle of the
cyclic random process & (, £).

Let us introduce notations form € Z,d,,; € R,i =1,N:

« the definition domain of the i-th zone in the m-th cycle of cyclic random process & (w, ¢):
Wm,i = [dm,iv dm,i—)—l);

where .z Ufil Wi =R,
« the set of beginnings of i-th zones in the m-th cycle of a cyclic random process:

D, = {dm,i,m €Zi= 1,N}.

The following relations exist between the sets W, ;:
Wini 7 0 Wiy N Wiy iy = 0,01 # iom,my,ma € Z,4,i1,ip = 1,N 9)

If there is a known zone structure (N zones on cycle) of cyclic random process, then the
cyclic random process & (w, t) can be represented in the form of the following construction:

N

E@) =2 Y Emi(@0), €2, t € REni(w,1)
meZ i=1 (10)

=&, lw,, ), meZ,i=1,N,wve 2,t €R,
where &, ; (w, t)—random process, which is defined as follows.
Emi(w,t) =E(w,t) - Iw,,(t), me Z,i=1,N,0 € R,t €R, (11)

And function Iy, ; (¢) is an indicator function of the i-th zone in the m-th cycle of cyclic
random process & (w, t), which is equal to:

1L te Wy,
Tw,, (8) = {o, t ¢ W (12)

The moments d,;,,1 of the beginnings of the 1-th zones in the m-th cycles of cyclic ran-
dom process &(w, t) are equal to the moments d,, of beginnings of the m-th cycles. If
the zone structure of a cyclic random process consists of only one zone N = 1, then
D, = {dm,l, m e Z} =D, = {dm,m € Z}, that is, the zone is a cycle, and d;;;,;1 = dp,. In
the case when N > 2, the set D, is subset of D, and there is equality

Wm,i = Wm (13)

=

Il
—

2.3 Analytical dependencies connecting the values of the discrete rhythm function throug

the moments of the beginnings of the cycles and zones of the cyclic random process
As shown in [30], knowing the moments of beginnings of cycles of a cyclic random process,
namely, knowing the set D, = {d,,, m € Z}, the discrete rhythm function can be deter-
mined according to the formula
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T(dp,n) = dyrvyy — Ay dyy € Do, mi,n € Z (14)

Also [30], knowing the moments of beginnings of the i-th zones in the m-th cycles of
cyclic random process, namely, knowing the set D, = {dm,i, meZ,i=1,N }, the discrete

rhythm function can be determined according to the formula

T(dm,,«, n) = dytni — Am,i, whered,,; e D,,mne Z,i=1,N (15)

The methods of piecewise linear interpolation, piecewise parabolic interpolation and
the method of adaptive interpolation of the rhythm function of a cyclic random process,
as developed in work [30], are based on analytical Eqgs. (14) and (15). Namely, the estimate
IA"(t, 1) of the rhythm function T'(¢, n) is obtained as a result of interpolation of the values of
the discrete rhythm functions T'(d;,, n) and T (dm,i, n)

Based on the ideas and analytical dependencies described above, Fig. 1 presents a con-
ventional graphical representation of the deterministic cyclic function & (¢) (a degenerate
case of a cyclic random process & (w, t)), the moments of beginnings of its cycles d,,, as well
as its rhythm function 7'(¢, 1).

3 The estimation errors of discrete rhythm function of cyclic random process

Let the set of estimated beginnings of cycles D, = {Em, meZ } or beginnings of zones in
each cycle l~)z = {2m,,-, melZ,i=1,N } be known. On the basis of equalities (14) and (15),

the values of estimates T (gm, n) orT (dm,,-, n) of the discrete rhythm functions T'(d,,, n) or

T(dm,i, n) are obtained, namely:

Tlea)

‘ d

i "
+ T

m-1 m m1? m?

% W

Cunsy ~d Ll ~

~

=4,+T(d, 1) d d,.=d+T(d,,1)

Fig. 1 Conventional graphical representation of a segment of the deterministic cyclic function &(t), and the
moments of beginnings of its cycles dp, as well as its rhythm function T (t, 1)
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T(amr }’1) = dm—i—n - am: glm € Dc, m,n € Z, (16)

T(glm,i’ Vl) = dern,i - ;im,hdm,i € i)z: m,n € Zrl = I;N (17)

Based on formulas (16) and (17), the calculation errors occurring in estimation of discrete
rhythm functions T (2,,,, n) and T ((,Nim,i, n)

AT(IZI,,,,;d) = T(Zim, n) — T(;im,n),m ez (18)

AT(&m,i, n) = T(;im,,-,n) - T(cﬂim,i, n),m €Z,i=1N (19)

can be obtained on the basis of the information about Agm, Agm,,', which are the errors
connected with the beginnings of cycles and the beginnings of zones in each cycle cor-
respondingly. For the investigated signal, the errors are expressed as:

Ady = dyy — dyy,m € Z, (20)

Adypi = dpi — dmism € Z,i=1,N . (21)

In (20) and (21) the d,,,; and d,, are exact values, which are either directly specified in
computer simulation experiments or determined by an expert in the considered domain
(for example, a cardiologist in ECG segmentation tasks). Of course, from a practical point
of view, when automatic methods of cyclic signal segmentation are used, the set of estima-
tion errors.

AD, = {Agm =dy — Ay, m € Z} of the beginnings of cycles or the set of estimation
errors.

AD, = {Agm,i = ~m'i —dpimeZ,i :L—N} of the beginnings of zones in each cycle
are unknown, because the sets D, = {dm, m e Z} and D, = {dm,i,m €Z,i :W} are
unknown. In general, errors Ad,, and Agm,i are random variables which are described by
statistical characteristics.

A more appropriate approach consists in the estimation of errors occurring in the estima-

tion of discrete rhythm functions T (2,,,, n) and JN"(;,W', n) based on the maximum abso-

lute errors

Amax;l* = max ’Aglm‘ = max ‘Zim - dm‘ (22)
meZ meZ
Amaxa*,i = max ‘Aam,i = max am,i - dm,i.ri =1LN (23)
meZ meZ

or based A,,;xds« = max |Ad,,| = max |d,, — d,,| on standard deviations o~ and o~
meZ meZ dy dyi

which mainly characterize the accuracy of the segmentation methods of cyclic signals.
For estimates of standard deviations, the following convergence ratios hold
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~ 2
M p—
P lim 2im=—t (dm dm) =05 =1, (24)
M— o0 2M s

M 7 . . 2
l' Zm:—M dm,l - dm,z .
P, N R @9

where P{-} denotes the probability of an event.
According to the probabilistic approach, namely, from the point of view of interval
estimation, the exact values of the beginnings of cycles and zones belong to the intervals

with the length equal to doubled maximum absolute errors with the probability of 1.
Thus:

P{dy € [dn = Amaadadn + Bpands| } = 1Lm € 2, (26)

P{dm,i S {am,i - Amaxa*,i; glm,i + Amaxa*,i} } = 1)”’1 [S Zri =1LN (27)

Assuming a normal distribution of ;im and ém,i, the intervals with the length equal to
six standard deviations contain the exact values of the time points of the beginnings of
cycles d;,; and zones d,,,,; with a probability of 0.997, namely:

P{dm € [Zim—&aa*,gim-l—S-ogJ} ~0.997,m € Z (28)

P{dm,,- = [sz,,- ~3-03 ,dmi+3- o;,*} } ~0.997,m € Z,i = N (29)

According to the formulas (16) and (17), if maximum absolute errors are used to esti-
mate the accuracy of cyclic random process segmentation methods, then maximum
absolute errors Amaxi"(dm, n) and Ammf(dm,i, n) of estimations i"(dm, n) and

f(ﬁm,i, n) of discrete rhythm functions T (dyu, n) and T (dp,i, n) are calculated on the

bases of such dependencies:

AmaxT(am¢ I’l) =2 Amaxgi*: glm € Dc; m,n € Z, (30)

AmaxT<am,i; l’l) =2 Amaxgl*,i: Zim,i € i)z; mneZi=1N (31)

From the probabilistic point of view, the confidence intervals for the values of the dis-
crete rhythm functions 7'(d,;, n) and T (dm,i, n) have the form:

P{T(dm,n) c [T(dmn) — 2 Apandies T(sz,n) 2. Amxél*” —lLmeZ
(32)

Page 10 of 36
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P{T(dm,,»,n) c {T(;m,,‘,n) — 2 Aaxdii; T(Ztm,,»,n> +2. Amaxﬁ*,i]} —LmeZi=

=~

1
(33

Taking into account formulas (16) and (17), expressions (32) and (33) can be rewrit-
ten to:

{T(dm, n) e [ i — At — 2+ Doanies Ay — o + 2 - Am&*} } =1, (34)

P{T(dm,i, n) e {Zimﬂ,i — i — 2 Aty Qpgmi — Ami + 2 - Amax;i*,i} } =1,
(35)
wherem € Z,i =1,N.
Considering formulas (16) and (17), if standard deviations are used to evaluate the
accuracy of cyclic random process segmentation methods, then standard deviations

U”T“(; n) and U”(; ) related to estimations f(gm,n) and f(ﬁm“n) of discrete

rhythm functions T(d,,, n) and T(dm,i, n) are calculated on the bases of such

dependencies:
OT(:}'*,n) = \/5 . U;l,*,dm € D.,mnecZ, 6
UT@*,M) V2. oy ,dmz' eD,,mneZ,i=1,N 37)

The confidence intervals for the values of the rhythm functions T'(d,,, n) and
T(dm,,', n) have the form:

P{T () € [T (dpn) =392 07, T(dpn) +3v2-0; |} ~ 0997, (39)

P{T(dm,i,n) € [T( W,l,n) 3v2 - o ,~( m,,n) +3v2- oy }} ~ 0.997,
(39)
wherem € Z,i =1,N.
Taking into account formulas (16) and (17), expressions (38) and (39) can be rewrit-
ten to:

P{T (1) € [dpin = dn = 3V2 0 dpin — d + 39203 | } %0997 (a0)

p{T(dm,,-,n) c [dm+m — i = 3Y2- 05 dprini — A+ 32 - 05 ,} } ~ 0.997
(41)

wherem € Z,i =1,N.

If the segmentation results of cyclic signals, namely, the set of estimated beginnings
of cycles

D or set of estimated beginnings of zones in each cycle D and their errors Amﬂxd*,
Ammdﬂ or oy, 0y are known, then confidence intervals for the values of discrete
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rhythm functions T'(d,,, n) and T(dm,,-, n) can be constructed on the bases of expres-
sions (34), (35), (40) and (41).

4 The problem of least squares approximation of the rhythm function
of a cyclic random process based on information about its zone-cyclic time
structure
Let us formulate the general problem of the rhythm function’s approximation of a cyclic
random process, based on information about its zone-cyclic time structure. According
to automated segmentation methods of cyclic signals, it is always advisable to consider a
cyclic random process on a finite time interval, which includes a finite number of regis-
tered cycles M. Let us assume that the set of estimated beginnings of cycles

D, = {gm,m =1,M } or the set of estimated beginnings of zones in each cycle

l~)z = {2m,l-, m=1,M,i =1,N } is known. It is also assumed that standard deviations o

or o3 , which are used to estimate the errors of the cyclic signal segmentation method,
*,0
are known.

It is worth noting that the set 156 = {2,,,, m=1,M } is nested in the set
5Z = {am,,’, m=1,M,i :1,N} (i.e. 5C - 52). Therefore it is possible to determine the

estimates of the elements of the set D, and related errors if the elements of the set Bz

and their errors are known. Therefore, it is assumed that the set.
ﬁz = {dm,i, m=1,M,i :I,N} and corresponding standard deviations oy (or stand-
ard deviations 0% (; n>) are given.

In order to estimate rhythm function, the least squares approximation method will be
applied, which is consistent with the error description of cyclic signal segmentation

methods, based on standard deviations o5 , 0~ /~ .
dyi T(dm,,',n)

Let us assume that there is given a set
T = { Tupapac &) : (@ k =TK) e 4 < R¥} 42)

which specifies the class of approximation functions satisfying the requirements of the
rhythm function (1)—(3). The choice of the parametric class’s type (42) can be carried out
on the basis of a visual analysis of graphs of estimated discrete rhythm functions and/or
recommendations of an expert from a certain field, where the analyzed cyclic signals
come from (cardiologist, neurobiologist, economist, material scientist). The process of
parametric class selection should take into account the number of parameters appearing

in the model, namely, dimension of the parameter vector (ak, k=1,K ) for approxima-

tion Ty, 4,...,ax (¢, 1) of rhythm function should be as small as possible.
Let us notice that T'(¢, n) can be determined for any # > 1, on the basis of dependence

Tt,n)=TEn—1)+TE+TEtn—1),1)teR, (43)
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when T'(¢,1) is known [23] (it is enough to estimate only the rhythm function T'(¢, 1) for
n=1).

According to the above notices, the task of 7'(¢, 1) estimation is formulated on the bases
of the least squares approximation method, namely, the function

M N

T(t: 1) - Tal,ag,.A.,aK (t, 1)¢t € U U {dm,ir dm,i+1)¢dm,i € Dz (44)
m=1i=1

is constructed by approximation of the estimation %(;m,i, 1), which satisfy

requirements:

« the approximation function YA"(t, 1) must satisfy the rhythm function conditions (1)—(3);
« the approximation error ﬁf( L) should be minimal in the sense of the minimum of

mean-square metric between the approximant T(t,1) and estimation T(&m,i, 1),

namely:

M
o~ -~ g 1 T P T P 2
’O?(t,l) = pTal,az ,,,,, aK(trl) = mﬂ M . N Z (T(dm'i, 1) N T(dm,i; 1))
(ak,k= 1,1<)eA m=1 i=1

(45)

In order to evaluate the quality of the approximation procedure, it is necessary to com-

pare the error P71 with all standard deviations o5 (2*,”’) ,i =1, N. If the approximation

error ﬁf( L) does not exceed the smallest possible value o2 (N* ,-,1) ,i =1,N, namely

~ 2 .

= <oz, . ,Vi=1,N
PT1) = 7(di) (46)
then the obtained approximation YA"(t, 1) = Ty, 4y,....ar (£, 1) of the rhythm function is
consistent with the accuracy of segmentation methods of the studied cyclic signal. How-
ever, quite often in practical situations this requirement is too strong and can be relaxed

by checking one of the following conditions:

Pran = %07 G ) (a7)

~ 1 &,

Pran = N~ Z"T(aﬂ,l) )
i=1 ’

Thus, the problem of approximation of the rhythm function of a cyclic random process
is formulated as a problem of identification of parameters appearing in the chosen math-
ematical model. It consists of the choice of the optimal representation from a predeter-
mined parametric class of functions that satisfy the necessary and sufficient conditions of
the rhythm function of a cyclic random process.
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Table 2 The main analytical dependencies between the deviation of the rhythm function, the
deviation of the instantaneous angular frequency and other characteristics of the rhythm of cyclic
random processes of a continuous parameter [22]

Deviation of the rhythm function Deviation of the
er(t,n) instantaneous angular
frequency
&y(t)
Rhythm function er(t,n) =T(t,n) —2mn T (tn)
T(t,n) I (es(®+ D)dt =2mn
t
Instantaneous angular frequenc t+er (tm+27n gy () =v(t) =1
v(t) d a y / v(t)dt = 2mtn '
t
Scale transformation function y~ Nt +er(t,n) + 2mn)— e (t) = &0 _
Yy —y~(t) = 2zn dt
Dynamic shift function er(t,n) = () = a1 (0
st sty — s~ (t + er(t,n) 4 27n) a

5 A System of interrelated parametric classes of rhythm characteristics

of cyclic random processes

5.1 Approach to construction interrelated parametric classes of rhythm characteristics

of cyclic random processes

Least squares approximation of the rhythm function requires knowledge about the
parametric class of approximation functions. In general, this task is quite difficult. One
approach of solving this problem is based on the use of analytical dependencies among
the main characteristics of the rhythm function of cyclic random processes [22]. Ana-
lytical dependencies among characteristics of the rhythm function are presented in
Tables 1 and 2.

Analysis of the dependences shown in Tables 1 and 2 leads to conclusion that
knowledge of the class of scale transformation and rhythm functions is sufficient to
construct the corresponding parametric classes of dynamic shift, instantaneous angu-
lar frequencies, deviations of the rhythm function and deviations of the instantaneous
angular frequency functions. Each of the six parametric functions depend on the

same vector of parameters (ak,k :1,1(). Thus the following bijectively connected

parametric functions (bijective connection is determined by a common vector of
parameters for all mentioned rhythm characteristics) can be represented as paramet-
ric classes of:

scale transformation functions
Y = {3ty ® ¢ (a1 k =TK) e A < RF} (49)
rhythm functions (42):
T = {Tal,@,_,_,m( (t,m) - (ak,k :1,7) e ACRK }
Dynamic shift functions

sl = {s;f @) : (ak,k =1,7) € ACRK } (50)

25 OK
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instantaneous angular frequencies

V = {Varasar ® : (a1, k =1K ) € A < R¥} (51)
deviations of instantaneous angular frequencies

E, = {eml,@_mﬂk t) : (ak,k :1,7) cACRK } (52)
deviations of rhythm functions

Er = {STal,az,...,aK t n): (ak, k :1,7) €AC RK} (53)

The following bijection among mentioned parametric classes of functions can be
stated:

Yl 7T §!«— V < E, < Er (53)

In this case, a system of bijectively related parametric classes of functions can be
constructed as follows.

SRC = <{Y—1, 7,57V, EV,ET}, —) (53)

This relational system describes the characteristics of the rhythm of cyclic random
processes. Taking into account the system of deterministic interdependencies pre-
sented in Tables 1 and 2, classes of rhythm functions (42) can be constructed using
s sps s e . . -1
initially the known, admissible scale transformation functions y, ;. . (f).

By using the equation [22]:

—1 —1
yﬂl,ag,,..,aK (t + Tﬂl,ﬂz,...,ﬂ]{ (t’ I’l)) - yal’a2’m,a1< (t) =2n (56)

one can obtain an analytical expression for the parametric rhythm function
T4, ,a9,....ax (£, 1). The set of admissible parameters for the scale transformation function is
a set of admissible parameters of the rhythm function.

Based on the above, it is possible to propose the algorithm which can be used for the
construction of essential rhythm characteristics of cyclic random processes. It consists of
following steps:

(1) Construction of parametric class Y of scale transformation functions y;ll,@wﬂk ()
(a class of increasing functions). In the construction of this class, it is necessary to
specify a set A C RX of admissible parameters (ak, k=1, I() €A.

(2) Construction of a parametric class T of rhythm functions Ty, 4,4, (t, ) on the
basis of equality (56).

(3) Construction of a parametric class § of dynamic shift functions s, 1, (¢)

obtained from relation.

S&;ll,ﬂz,--qﬂk t) = y;11,a2,~--,ﬂ1( ) —t (57)

Page 16 of 36
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(4) Construction of a parametric class V of instantaneous angular frequencies
Vay,ay,...ax (t) on the basis of equality

d _
Vay s, ®) = = Vet ®) (58)

(5) Construction of a parametric class E, of deviation functions of instantaneous angu-

lar frequencies &4, 4,4, (£) on the basis of relation

K

Sval,az,...,aK (t) = Val,az,...,aK (t) -1 (59)

(6) Construction of a parametric class Er of deviations of rhythm functions

ETay,ay,....ax (£, 1) obtained from
ET ay,ay,....ax (t) }’l) = Ta1,ﬂ2,--.,ﬂ1< (t’ ﬂ) —2mn (60)

As can be observed from the dependencies (56)—(60), when the scale transformation
function and the rhythm function of a cyclic random process are known, then all other
characteristics of its rhythm can be easily calculated. The situation is more complicated
with calculation of the rhythm function based on known scale transformation function
according to formula (56).

5.2 Construction examples of interrelated parametric classes of rhythm characteristics

of cyclic random processes
According to the approach described above, several parametric classes of rhythm functions
will be considered.

5.2.1 System of parametric monomials of degree k
Applying described above algorithm, one-parametric classes Y ,:1 of scale transformation
increasing functions y;ll (t)arebuilt fort > 0and a; € (0,00) = A C R, namely:

ai - tk

Y,:l = {y;f(t) = 1t>0,a1 € A},wherek €N, (61)

In fact, different one-parametric classes of scale transformation increasing func-
tions are obtained for different integers k.

According to the second step, one-parametric classes T of rhythm functions
T4, (¢, n) are calculated for £ > 0 and a7 € (0,00) = A C R, namely, by substituting
y;ll (t) = % into the Eq. (56).

It leads to the following equation, relative to unknown rhythm function Ty, (¢, n):

ﬂltk

a, [t—i— Tal(t,n)}k — % = 2 n, wheren > 0,k € N.

k

After simple transformations, the following polynomial equation is obtained:

2mkn
K 4 [+ Tay 6, )" — ;
1

Thus.
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2w kn

[t 4+ Toy(t,m)] =" +
@

The rhythm function is considered for two cases:

fork=2s+1,se N :

27k
Tay (6,m) = — + {1k + T
ay

fork =2s,s € N :

2w kn

Ta (t,n) = —t + {[tk +
a

Only functions for even values of k

/ 2rkn
Tﬂl(t)n)=_t+ \ tk+
ai

satisfy the rhythm function’s assumptions (1)—(3).

So, one-parametric classes T of rhythm functions T, (¢, n) can be written as:

2k
Ty = { To (tn) = —t + [tk +

it >0,a1 €A p,wherek e N (62)
ai

According to the third step, classes S,:l of dynamic shift functions s;ll (t) are built
based on the Eq. (57), namely:

.tk
S;l = {sml(t) = a1/ —t:t>0,a; € A},wherek EN (63)
k

Then using the Eq. (58), one-parametric classes V' of instantaneous angular frequencies
Vg, (t) are constructed in the following way:

Vi= {val(t) =a gkl s 0,a;1 € A},wherek eN (64)

In the next step, sets Ey; of deviation functions of instantaneous angular frequencies
€v4, (t) are constructed on the bases of the Eq. (59):

E,x = {sml(t) =a1-t“"1—1:t>0a € A},where keN (65)

According to the last step, one-parametric classes Et of deviations of rhythm functions
£T 4, (t, ) are built based on the Eq. (60):
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Fig. 2 Graphs of the characteristics y;.' (1), 55" (1), Tg, (t, 1), Va, (1), €0, (1), €74, (t, 1) fora; = 0.1,05,1,2and

k=2

2w kn
ai

Eri = €14, (t,m) = —£ + {| 5 +

Let us consider an example of parametric characteristics of the rhythm function from the
one-parameter classes of functions constructed above, ie. v, () = a; - =1 ¢ > 0. Fig-
ure 2 show the graphs of characteristics y;ll (®), s;ll @), Ty (£, 1), V4, (£), €0, (), €74, (£, 1) Of

cyclic random process.

E(w, t) = &y (a), %) (627 (w, t) — 2m-periodic random process), where k=2 is fixed

anda; = 0.1,0.5,1,2.

5.2.2 The system of parametric logarithmic functions
Let us consider the specific system of parametric logarithmic functions. According to the
first step, certain three-parametric class ¥ ~! of scale transformation increasing functions

(t) is built:

—1
Yay,az,a3

Yy !l= {J’le,az,ag(t) =ayIn(axt +as) : t > 0,(ay,az, as) € A}

—2nn:t>0,a1 €A p,wherek e N

(66)

(67)
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where A = Ry X Ry X R,

According to the second step, three-parametric class T for ¢t > 0 of rhythm functions
T4, 49,45 (E, 1) is constructed. Using the formula (56), the following sequence of transforma-
tions is obtained:

t+T (t,1) ﬂdx — a1 In (ayx + a3) t+ T(t,n)
t arx + as ¢
=a In(ay(t + T (¢, n)) + az) — ay In (axt + as)
=2nn,

where n > 0.
Simple computations lead to formula:

ar(t+ T(t,n) +as 2nn
n = —
ast + as al

|

Thus.

a a
T(t,n) = Tayapas(t,1m) = —t — =g <t + —3> - ePmria
an an

So, the three-parametric class T of rhythm functions T, 4, 4, (t, 1) can be written as:

— ¥a24(0
— Y320
— Va2

— Ya2a(®)

— 2400
s 1&)
B —— sihatt)

— S3ha(®

| T22a(t 1)
200+

Ts2a(t 1)

— Taza(t 1)

180} = Ts.2.4(t:1)

— Euy 5 4() S PR ICR))

5 200}
£v3.2.4(0) | — fma2at
1.5 == £y 4(0) - — Enaa(t 1)
T v p4(0) | — a2l

100+

Fig. 3 Graphs of the characteristics y; ., . (1), 535, a3 (0. Tar aas (6 Vi Vay a0.05 (O, €vay ay.05 DT ay anas 1)
for fixed parametersa, = 2,a3 = landa; = 2,3,4,5
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as as 27tn
T = {Tal,az,ag(t, Vl) =—t— ; + (t + (l) e it > 0» (dl,ﬂz,ﬂg) € A} (68)
2 2

According to the third step, the set S~1 of dynamic shift functions Sty () is built

based on Eq. (57), namely.
s1= {5;11,&2’&3 (t) = a1ln(azt +az) —t :t > 0,(ay,a,a3) € A} (69)

Applying the Eq. (58), the class V' of instantaneous angular frequencies v, 4, 4, (¢) is con-
structed in the following way:

aiar

V=3v )= —"—
{ al,az,ag() ﬂ2t+ﬂ3

1t > 0,(ay,a2,a3) € A} (70)

According to the fifth step, the class E, of deviation functions of instantaneous angular
frequencies ¢y, , . () is built on the bases of the Eq. (59), namely:

aias

—— —1:t>0,(a1,a2,a3) € A
dol + a3 > 0, (a1, a2,a3) } (71)

E, = {8"(11«12«13 @) =
The last step is the construction of the class E7 for of deviations of rhythm functions

€Ty, ayay (£ 11) O the bases of (60), namely:

2mn

Er = 8Taﬂa(t,l’l):—t—@+ t+@ e —2nmn:t > 0,(a,ar,a3) €A
14243 a2 a2
(72)

Figure 3 shows the graphs of characteristics ., (), s;' ,.(0),
Tara00s& D)y Vayanas (B €vayanas (s  €Tayapas(t:1) of cyclic random process
E(w,t) = &y (w, arln(ast + as)), where parameters.

ay = 2,a3 = lare fixedand a1 = 2,3,4,5.

5.2.3 The system of parametric exponential functions

Let us consider the specific system of exponential functions. In the beginning, the three-
parametric class Y1 of scale transformation increasing functions y;ll,ﬂz,ag (¢) is built,
namely:

Yyl = {y;11,ﬂ2,ﬂ3 (t) = a1 1 £ > 0, (ay,az,a3) € A} (73)

where A = (0,00) x (0,00) X R.
According to the second step, class T of rhythm functions T, 4, 4; (£, 1) is constructed.
By using the formula (56), the following reasoning can be conducted:

t+T(t,n)

arx+az g, aleazx+a3 t+T(tn) —

; ax(t+T (t,n)+as __ ﬂleaztﬁ-ﬂs = 2mn,

ayase =da)e

t

wheret > 0,1 > 0.

After simple computations the following equation can be obtained:
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e T(tn) _ 27n 1

dlea2t+a3

Thus.

_ 1 1 2mn
T(t, I’l) = Tal,az,ag(t’ Vl) = ;2 -In W + 1

So, the three-parametric class T of rhythm functions Ty, 4, 4, (¢, #) can be written as:

1 2 n
T = Tﬂl,az,ag(t1 I’l) =—-In W +1):t>0, (alﬁ a, 613) €A (74)

as
According to the third step, three-parametric class S~ of dynamic shift functions
sk (¢) is built based on Eq. (57), namely:

a1,a2,43

sl = {s;fm’% () = a1 —t .t > 0,(a1,as,a3) € A} (75)

Based on Eq. (58), the class V of instantaneous angular frequencies v, 4, 4, (£) is con-
structed, namely:

V = {Val,az,ag(t) = 611612€a2t+a3 1t >0, (alf (l2,ﬂ3) € A} (76)

The next step is the construction of the class E, of deviation functions of instantaneous
angular frequencies &y, , ,. (t). Using the Eq. (59) one can obtain:

E, = {Svﬂlﬂz:% () = a1aze™ ™ —1:¢t > 0, (a1, az,a3) € A} (77)

According to the last step, the class Er of deviations of rhythm functions e, ,, .. (£, 1)
is constructed on the basis of the Eq. (60), namely:

1 1 2mn ) A
Er = ETu) ayas (t,n) = E - In W +1)—2nn:t>0,(ay,ayas) €
(78)

Graphs below show the characteristics y;ﬁaz’ a3 (), s;ﬁaz, a3 Tay,a0,a5 (1), Vayay,a5 (0),
Evayazas (D> ETay,anas (1) of cyclic random process & (o, t) = &x (w, a1e®1%3), where
parameters ay = 0.5,a3 = 1are fixed and a; = 0.1,0.2,0.3,0.4.

The proposed approach of construction interrelated parametric classes of rhythm
characteristics of cyclic random processes is characterized by its universality, which
makes it possible to generate another parametric classes needed for research. The sys-
tem of parametric classes of the main characteristics of the rhythm function developed
in this section significantly complements the known parabolic classes of scale transfor-
mation functions and rhythm functions, which was developed in [23], and expands the
possibilities of applying the approximation approach to the estimation of the rhythm
functions.
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Fig. 5 Scheme of the computer simulation
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6 Computer simulation experiments
6.1 The general scheme of the computer simulation
One of the important tools used in researching the main characteristics of the rhythm
function estimation methods is the computer simulation experiment. In this paper, all
computer simulation results were performed using MATHEMATICA software. Based
on computer simulation experiment, the errors of approximation method and piecewise
linear interpolation of the discrete rhythm functions are determined and compared, as
well as the number of parameters of the approximant and interpolant. It is assumed in
computer experiments, that the parametric class of possible rhythm functions of cyclic
random process are known (predetermined). It is also assumed that the analytical
rhythm function is given (all its parameters are known) and as well as the characteristics
of the segmentation errors (Fig. 4).

The computer experiments itself are carried out according to the following steps
(Fig. 5):

(1) Take the function Ty, 4,, . 4 (¢, 1) belonging to some parametric class of func-
tions T and satisfying the conditions (1)—(3) of the rhythm function of a cyclic
random process (predefined rhythm function, i.e. (aq,42, .. .,ax) € A.

(2) Computer simulation of the estimation
T(ﬁm,i, 1) = Tuy.a9,..ax (c?m,i, 1) + g(am,,’) of discrete rhythm function

T (;m,i, 1); < (Qm,) is the discrete white noise with standard deviation o (Qm,)

in two cases: o (dm,i) = U%(E*,l) = const or o (a’m,i) = JT<E*’i,1>,l =1,N (in

the second case segmentation errors for zones are different).
(3) Calculation of the approximation Tisa t1) = ?51,52,_._@( (t,1) of the rhythm
function

T(t,1) = T4y ay,..ax (£, 1)4. by approximating the estimation YN"(;W,,,', 1) of the discrete
rhythm function T(gm',', 1), using the method of least squares (by solving the
optimization problem (45)).

(4) Checking whether the approximant satisfies the conditions (1)—(3) of the rhythm
function by verifying whether (Ek,k =LK ) € A. Namely, when a vector of

parameters belongs to domain A, then the estimation satisfies the conditions of
the rhythm function. In the case when.

(ﬁk, k =1,—I() ¢ A6, it is necessary to estimate the level of deviation of the estimation
from. R

the conditions of the rhythm function, by calculating the first derivative % of
approximants Trsa(t, 1) and determining argument values in which the deriva-
tive of the approximant is no greater than minus one. Replacing these argument
values with ones that would satisfy.

the appropriate condition for the rhythm function.

(5) Calculate estimation YA"pWLI (t,1) of rhythm function T'(¢, 1) by the piecewise lin-

ear interpolation method for the estimation T(dm,i, 1) of discrete rhythm func-

tion T (3,1”, 1) according to work [19].
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(6) Calculate the mean square error ﬁfLSA 1) of the estimation ?LSA (t,1) according

to the equation

K

—~ 1 ~
Plisac) = Z (T(t,-, 1) — Trsa(ts, 1))
=1

2
; (79)

where K is number of values of the rhythm function 7'(¢,1) and estimation
?LSA (t,1), chosen as large as possible. The valuest; = (i — 1) - %, i=1LK.
(7) Calculate the mean square error ﬁfpwu ) of the estimation /prL[(l’, 1) accord-

ing to the equation

K

~ 1 ~ 2
Pimuie) = > (T(ti: D) — Tpwri (L 1)) (80)
i=1

(8) Compare the errors PFyeat1) and Py (61
(9) Compare the dimensionality of parameter vectors representing the rhythm func-
tion for interpolation and approximation approaches.
(10) Provide a conclusion about the accuracy of the approximation method based on

the relation ﬁngA(tJ) < ﬁ?pwu @) and additional conditions:

~ 2 .
PTysatt1) = U’f(a*,,.,l)’w =LN, (81)
07 < maxo? -

Tisa®D) = 35 T(d*,iJ)’ (82)

i=1

e Ll )

~ 1
PTisatt,1) N

(g*,i,l) (83)

* (@nT(dn1) * (@ T(@An1)

— TN

— Tt1)

t 2 4 € 1 12 t
Fig. 6 Graphs of theoretical rhythm function T (¢, 1), (a) discrete rhythm function T(Em, W)and (b) realization
of the simulated estimation T(Em, 1) of discrete rhythm function T(am, 1)
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o (@nT@n1) * (@ T(dn 1)
— Fowutt)) ’ — Fisatt)

— Tt1) | — T(t1)

p i 3 ; 5 : T
Fig. 7 Graphs of theoretical rhythm function T (t, 1) of cyclic random process, (a) interpolation ?pwu(t, T)and
(b) approximation TLSA(I, 1) of discrete rhythm function ?(am, 1)

« townili) = Towilt, )-T(t)

+ rusali) = Tisalt, 1)-T(t)

0.10

Fig. 8 Graph of residuals rey (i) = Tpwe (6, 1) — T(t) and risa () = Tisa(ti, 1) — T(t) for i =1,100

6.2 Computer Experiment for the Estimation of the Rhythm Function from the Parametric
Class of Monomials of degree 2

Let the rhythm function 7'(¢, 1) of cyclic random process be known, namely, the rhythm

function T'(¢,1) = T4, (¢, 1) belongs to parametric class of monomials of degree 2. For

parameter value a; = 2 such specified function is obtained

T(t,1) =Tyt 1) = —t + V2 + 2w, wheret > 0 (84)
Let the standard deviation of errors of automatic method segmentation of a cyclic
random process be o3 = %. According to formula (36), the standard deviation

O’7~,<2 n) = 0.05. Let us perform a computer simulation of the estimation %(Zm, 1) of

the discrete rhythm function T(Em, 1) =T (ﬁm, 1), ie.
f(&m, 1) = T(Zm,l) + g(&m) = —dy A2+ 27 + g(ﬁm)

dy = 0,dpir = dyp + T (A1) = LM~ 1 (85)

Page 26 of 36
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Table 3 Numerical results of considered approximation of T(t, 1), T=3G-1)-At i=1K,
At =21 K =100

Sym. No Parameter table Fowns(61) Fsa(t])

a, Standard error t-statistic p-value

1 2.06051 0.054766 37.6234 751073 0.009171 0.000388
2 1.97607 0.044497 44.4093 151072 0.006611 0.000065
3 1.95881 0.029559 66.2687 111072 0.006496 0.000196
Avg of 500 2.00141 - - - 0.007141 0.000174

b \‘,"""',..m Y

w%

Fig. 9 Graph of averages @} = % S, difors =1,500, where a; = 2is assumed value of parameter

where ¢ (3,,,) is the normally distributed discrete white noise with zero mean and

standard deviation.

d 0.05
O¢ (dm) = O"T(;*,n) = \/E . UE* = ﬁ . ﬁ = 0.05 (86)

The graphs of rhythm function T'(¢,1), set {(3,,1, T(gm, 1)),m =m} of
points representing the discrete rhythm function T(gm, 1) and set
{ (gm, %(ﬁm, 1)), m =m} of points representing the realization of the simu-
lated estimation T (2,,,, 1) of discrete rhythm function T (2,,,, 1) of cyclic random pro-

cess are presented in Fig. 6.

By approximating the simulated estimation T(ﬁm, 1) of the discrete rhythm func-
tion T (2,”, 1) using the method of least squares (by solving the optimization problem

(45)) an estimation.
?LSA (t,1) = YA"al (t,1) of the rhythm function T'(¢, 1) was found. Graphs of estimation
IA"LSA(t, 1) of rhythm function 7'(¢,1) and set {(Em, T(gm, 1)),m =1,M-1 } of

points representing the realization of the simulated estimation T(?im, 1) of discrete
rhythm function T’ (ﬁm, 1) of cyclic random process are presented in Fig. 7b. The esti-

mation JA"LSA (t,1) of rhythm function 7'(¢, 1) satisfies the conditions.
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(1) = (3) of the rhythm function.
According to [19], the estimation ?pWU (¢,1) of the rhythm function T'(¢, 1) was cal-

culated by piecewise linear interpolation method for the simulated estimation

T(gm, 1) of discrete rhythm function T(gm, 1). Graphs of estimation f‘pwu(t, 1) of
rhythm function T'(¢,1) and set {(ﬁm, T(gm, 1)),m =1L,M-1 } of points repre-
senting the realization of the simulated estimation f(ﬁm, 1) of discrete rhythm func-

tion T(;m, 1) of cyclic random process are presented in Fig. 7a.

Errors of approximation and interpolation estimations of the rhythm function
T(t,1) are shown in Fig. 8.

As can be seen from Fig. 8, errors of approximation are smaller than errors of inter-
polation of the rhythm function T'(¢,1). For the purpose of a more detailed analysis
of errors of both approximation and interpolation of the rhythm function of a cyclic
random process, selected accuracy characteristics are shown in Table 3 for exemplary
three simulations and mean values for 500 simulations (Fig. 9).

As can be seen from Table 3, the mean square error of the interpolation ﬁ?pw/u(t,l)
significantly exceeds the mean square error of approximation ﬁfLSA D) (for example in
the first simulation

Plowere1) = 0.009171 > PTisat1)
the new method of estimation of the rhythm function. The estimates of the parameter

= 0.000388), which indicates a higher accuracy of

a1 satisfy the domain condition,i.e. @; > 0. Since the vector of parameters
(ay,ay,...,arx) of the approximant class is single-element, namely, determined by the
parameter a3, the developed method of approximation of the rhythm function has
significant advantages over the known interpolation method, where the number of
parameters is 2(M — 1). Therefore, the approximation estimation of the rhythm func-

tion has significant advantages over the interpolation method.

o @n.T@n ) o * (@ T@m1) P

T(,1) P - T(t1)

t t
Fig. 10 Graphs of theoretical rhythm function T(t, 1) = Tx0.2,1(t, 1), (a) discrete rhythm function

T(Hm, 1) = T2, (gm, 1) and (b) realization of the simulated estimation ?(Em, W)Ofdiscrete rhythm function

T(Em, 1) = T2021 (Am, 1)
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* (@n.T(@n1) * (@n.T(@n1)

— Tow(t) — )

— T(t1)

— Tt

t i t
Fig. 11 Graphs of theoretical rhythm function T(t, 1), (a) interpolation /prU(f, 1) and (b) approximation
?LSA(I, 1) of discrete rhythm function ?(Em 1) of cyclic random process

0.04 %00, * rewi(i) = Teww(ti, 1)-T()
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0.02 . 7 .
. o7
. ? i .
Sl 20T TTTTTTTTTERTITITTTITTTIo T TER BATTTITTITITTTITI G
. 90000000, o * !
rectun,, . o
0.02 S — I )
. %eeennen, i
. . o8y,
® e ol . .““"00-...,“.” o
. . . “"0«..«..:
0.04 . d ! Jne iU
il . |
oosf ** o . -
. o
. 3o
s o
0.08 ! I\
. ..
. ..
0.10 o

Fig. 12 Graphs of residuals rey/ (i) = Tea(t:, 1) — T(t) and risa(i) = Tysa (i, 1) — T(t) fori =1,100

Table 4 Numerical results of considered approximation of T(t, 1), T=0G=1)-At i=1K,
At =241 K =100

-~ ~

Sym. No Parameter table

Tpwwi (t,1) Tisa(t,1)

bo b po-value p;-value
1 0.181928 0361989 65107 17107 0.002528 0.000923
2 0.225931 0362101 75107 90107 0.002157 0.000449
3 0.198891 0365749 1710 101070 0.001144 0.000061
Avg of 500 0.184486 0.368994 0.001775 0.000587

6.3 Computer experiment for the estimation of the rhythm function from the parametric
class of logarithmic functions

Let the rhythm function T'(t,1) of cyclic random process be known, namely, the

rhythm function T'(¢,1) belongs to parametric class of logarithmic functions for

a1 =20,ay =2,a3 = 1:
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1 1 x
T 1) =Taop1¢ 1) =—t— 3T (t + 2>€220,t >0 (87)

It is assumed that the standard deviation o, ~ \ = 0.05. Let us perform a computer

ot
simulation of the estimation T (Em, 1) of the discrete rhythm function
T (3,,,, 1) = T202,1 (;m, 1) according to (85).

The graphs of rhythm function T(t,1) = Tapo1(t 1), set
{ (Em, T <o~z’m, 1) ) ,m :m} of points representing the discrete rhythm function
T(gm, 1) and set { (3,,,, T(&m, 1) ) ,m :m} of points representing the realiza-
tion of the simulated estimation 7' (2,,,, 1) of discrete rhythm function T (ﬁm, 1) of cyclic

random process are presented in Fig. 10.
Approximation of the function

as as 2 gy 21 2
Tt 1) =—t——+(t+—)-e1 =—"-(ea —1)+ea —1)-¢
) ) )

leads to simpler model.

Trsa(t,1) = Tpyp, (t,1) = bo + bit

az

21 21
Where by = £ . (e“l - 1) and by = e® — 1 are the coefficients of the considered

approximation model to find (the estimates by = 0.184554 and b; = 0.369108 are

expected). Function YA"LSA (t, 1) must satisfy for i =0, N — 1 condition.

Trsa (?Hl; 1) — Trsa(ti 1)

= — > —1
Liv1 — L

Thus, in the considered case, the first derivative TLSA/(t, 1) = by satisfies
Trsar(t,1) > —1forby > —1.

Graphs of approximation Tisa(t,1) of rhythm function 7(¢,1) and set
{(ﬁm, T(&m, 1)),m :m} of points representing the realization of the simu-

lated estimation f(gm, 1) of discrete rhythm function T(gm, 1) of cyclic random pro-

s _Lxg i
eBy=2) b AN
= LR -,

— by =0.184554

cB-13E

=

— b, = 0369108

Fig. 13 Graphs of averages by = + 3%, bhand by = 1 $°5_ bl for s =1,500, where by = 0.184554and

by = 0.369108 are assumed values of parameters
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o (Adm T(An 1)

— T(t1)

* (dm.T(@n.1)

— T(t1)

0t

Fig. 14 Graphs of theoretical rhythm function T(t, 1) = To1,05,1(t, 1), (a) discrete rhythm function

4

T(dm, 1) = T01,05,1 (Hm, 1) and (b) realization of the simulated estimation T(Em, 1)ofdiscrete rhythm

function T(am: 1) = 70,1,0.5,1(5m, 1

* (@ T(@m1)
— Ponult.1)

— 71

t

Fig. 15 Graphs of (a) interpolation /fpwu(f, 1) and (b) approximation ?LSA (t, 1) of discrete rhythm function

T (Hm 1) of cyclic random process
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* (@n.T(dm1)
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— T(t1)

+ nsali) = FLsalti, 1)-T(t)

« (i) = Tpwi(t, 1)-T(t)

L9000,
.

307800

i

Fig. 16 Graphs of residuals rppy (i) = /fpwu(l‘,‘, 1) = T(t)andrsa(i) = ﬁgA(T,‘, 1) — T(t)fori =1, 1700

Table 5 Numerical results of considered approximation of T(t, 1),

At =24k =100

T=(G—1)-At i=1K,

Sym. No Parameter table Apru 1) ATLSA N
bo by po-value p;-value

1 0489381 215216 1.0%x107° 88x1071° 0.049879 0.000322

2 0491108 220977 14x%107° 1.1x108 0.047723 0.000985

3 0.504312 23.1494 89x 10717 68x%107° 0.031868 0001611

Avg of 500 0499458 23.1346 0.046613 0.000921
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cess are presented in Fig. 11b. Graphs of interpolation YA"pWLI(t, 1) of rhythm function
T(t,1) and set { (2,,,, T (Em, 1) ) om=1,M—-1 } of points representing the realization

of the simulated estimation T <;m, 1) of discrete rhythm function T’ (ﬁm, 1) of cyclic ran-
dom process are presented in Fig. 11a.

The visualizations of errors of approximation and interpolation of the rhythm function
T(t, 1) are presented in Fig. 12.

As can be seen from Table 4, the mean square error of the interpolation ﬁfpwu 1) Sig-
nificantly exceeds the mean square error of approximation '/O\?LSA D) (for example in the
first simulation.

ﬁﬁwu(t,l) = 0.002528 > '/O\?LSA(tyl)
approximation method. Since the vector of parameters of the approximant class is two-ele-

= 0.000923), which indicates a higher accuracy of the

ment, namely, determined by the parameters by and b1, the developed method of approxi-
mation estimation the rhythm function of a cyclic random process has significant
advantages over the known interpolation method, where the number of parameters is
2(M —1).

6.4 Computer experiment for the estimation of the rhythm function from the parametric
class of exponential functions

Let the rhythm function 7'(¢, 1) of cyclic random process be known, namely, the rhythm

function T'(t,1) = Ty, 4y4;(t, 1) from parametric class of exponential functions for

a1 = 0.1,a; = 0.5,a3 = 1is of the form:

207
Tt 1) = Toros1(t 1) = 2n{ 1+ Gy ).

Approximation of the function

1 1 2w 1 1 2 —agt
T(t’1)=Ta1,az,a3(tr1)=;2' n W‘i‘l =—-In{ ———e +1).

leads to a simpler model

~ ~ 1
Tisa(t,1) = Thyp (6,1) = 5-In (ble_b‘)t n 1),
0
where by = ay and b; = alzenﬂs are coefficients of considered approximation model to

find (the expected estimates are by = 0.5 and b1 = 23.1145). Condition bp,b; > 0 is met
therefore the approximation is a valid rhythm function (Fig. 13).
Thus in the considered case the first derivative of approximation function

_ble—bot

Trsa/(t,1) = 14 bre—bot
1

satisfies the condition i"LSA/(t, 1) > —1 for ¢, bo, b1 € (0,00) (derivative is always nega-
tive, but greater than -1).

Figures 14, 15, 16 and 17 show the exemplary results of the computer simulation
experiment related to the interpolation and approximation approaches to the estimation
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Fig. 17 Figures of averages by = 1 3%, byand by = 1 33_, bl fors =1,500, where by = 0.5and
by = 23.1145are assumed values of parameters

of the rhythm function T 1,0,5,1 (¢, 1) on the basis of discrete rhythm function T (gm, 1) of
cyclic random process.

As can be seen from Table 5, the mean square error of the interpolation ,ETPWU 1) Sig-
nificantly exceeds the mean square error of approximation ’BfLSA( £1) (for example in the
first simulation.

ﬁfpwu(t,l) = 0.049879 > ﬁfLSA(fyl)
the new method of estimation of the rhythm function. Since the vector of parameters of

= 0.000322), which indicates a higher accuracy of

the approximant class is two-element, namely, determined by the parameters bg and b,
the developed method of approximation estimation the rhythm function of a cyclic ran-
dom process has significant advantages over the known interpolation method, where the
number of parameters is 2(M — 1).

In summary, as can be seen from the above material, the results of all computer exper-
iments indicate significant advantages of the approximation over the interpolation for
the rhythm function of a cyclic random process. Such advantages take place both in the
aspect of accuracy and in the aspect of the number of estimated parameters, which ena-
bles a significant reduction in the computational complexity of signal classification algo-

rithms based on their rhythm parameters.

7 Conclusions

In the article an effective approximation method for estimating the rhythm function of a
cyclic random process has been developed. In particular, the following scientific results
were obtained.

The analytical dependencies between errors (absolute, RMS) of estimation of a dis-
crete rhythm function and errors of segmentation of a cyclic random process into cycles
and zones were constructed. This allowed the construction of confidence intervals for
values of discrete rhythm function, if the segmentation results, namely, a set of estimated
beginnings of cycles (or a set of estimated beginnings of zones in each cycle) and their
corresponding errors are known. This made it possible to develop a procedure for calcu-
lating and controlling errors of rhythm function estimation for a cyclic random process
as certain functions of errors of the segmentation method.

The general problem of approximate estimation of the rhythm function of a cyclic ran-
dom process is formulated as a problem of parametric identification of a mathemati-
cal model of the rhythm function. It is a problem of selection of optimal parametric
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function (minimum of the mean square metric) from a predetermined class of functions
that satisfy conditions of the rhythm function of a cyclic random process.

The universal approach to the construction of interrelated parametric classes
of rhythm characteristics of cyclic random processes was developed. As a result of
applying this approach, three different systems of interrelated parametric classes of
rhythm characteristics of cyclic random processes were built, namely, the system of
parametric monomials of degree k, the system of parametric logarithmic functions
and the system of parametric exponential functions. New parametric classes of func-
tions that satisfy the conditions of the rhythm function of a cyclic random process
have been built. The formation of parametric classes of rhythm functions is significant
not only from the point of view of building effective methods for the rhythm func-
tion’s estimation, but also because of computer simulation of cyclic signals, methods
of statistical evaluation of probabilistic characteristics, and is also important for the
development of the theory of cyclic random processes.

On the basis of conducted series of computer experiments, significant advantages
of proposed approximation approach to the evaluation of rhythm function of a cyclic
process in comparison with interpolation methods have been established. The effec-
tiveness of the new method is manifested in significant increase of accuracy of rhythm
function estimation and reduction of the number of rhythm function estimation
parameters in comparison with well-known interpolation methods. For example the
computer experiment for the parametric class of monomials of degree 2 has shown
the reduction of parameters from 2(M — 1) in the case of piecewise linear interpola-
tion to 1 for least square approximation, where M is the number of considered cycles.
In this experiment, considering

500 simulations, average value of the mean square errors of the interpolation is
equal to 0,007141 and significantly exceeds the corresponding value for approxima-
tion, which is 0.000174.

The results obtained in the work form a solid foundation for improvement of
rhythm-adaptive methods, in particular in the area of statistical estimation and spec-
tral analysis of probabilistic characteristics of cyclic random processes. In the per-
spective of further research, the effects of our work enable development of effective
statistical methods for detecting hidden cyclic structures of investigated signals,
which expands the problem of detecting hidden periodicities in the case of cyclic sto-
chastic signals with an irregular rhythm.
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